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SYMMETRIC HAMILTONIAN OF THE GARNIER SYSTEM AND ITS
DEGENERATE SYSTEMS IN TWO VARIABLES
BY
YUSUKE SASANO
Abstract. We present symmetric Hamiltonians for the degenerate Garnier systems in
two variables. For these symmetric Hamiltonians, we make the symmetry and holomor-
phy conditions, and we also make a generalization of these systems involving symmetry
and holomorphy conditions inductively. We also show the confluence process among each
system by taking the coupling confluence process of the Painleve´ systems.
1. Introduction
In this paper, we consider the Garnier system G(1,1,1,1,1) and its degenerate systems
in two variables, which are completely integrable Hamiltonian systems of the form
dx =
∂H1
∂y
dt+
∂H2
∂y
ds, dy = −∂H1
∂x
dt− ∂H2
∂x
ds,
dz =
∂H1
∂w
dt+
∂H2
∂w
ds, dw = −∂H1
∂z
dt− ∂H2
∂z
ds.
(1)
The Hamiltonians H1, H2 are polynomial with respect to x, y, z, w whose coefficients are
rational functions of t, s.
As is explained in [2], these systems are obtained as monodromy preserving defor-
mations equations of second-order linear ordinary differential equations with regular or
irregular singular points and apparent singular points. Let us assign 1 to a regular singular
point and r+1 to an irregular singular point of Poincare´ rank r.
In this paper, we present the polynomial Hamiltonian system (1) with symmetric Hamil-
tonians
(2) H1 := H∗(x, y, t;α0, . . .)+R(x, y, z, w, t, s;α0, . . .) ∈ C(t, s)[x, y, z, w], H2 = pi(H1),
where the transformation pi is given by
(3) pi : (x, y, z, w, t, s)→ (z, w, x, y, s, t), (pi)2 = 1
with some parameter’s change, and the symbol H∗(x, y, t;α0, . . .) denotes one of the
Painleve´ Hamiltonians. The birational symplectic transformations take known Hamil-
tonian systems (see [2]) to the symmetric Hamiltonian systems. These symmetric Hamil-
tonians are new.
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For the symmetric Hamiltonian systems, we make the symmetry and holomorphy con-
ditions.
As is well-known, the degeneration from PV I to PV (see [7]) is given by
α0 = ε
−1, α1 = A3, α3 = A0 − A2 − ε−1, α4 = A1
t = 1 + εT, (x− 1)(X − 1) = 1, (x− 1)y + (X − 1)Y = −A2.
Notice that
A0 + A1 + A2 + A3 = α0 + α1 + 2α2 + α3 + α4 = 1
and the change of variables from (x, y) to (X, Y ) is symplectic.
As the fourth-order analogue of the above confluence process, we consider the following
coupling confluence process from the Garnier system G(1,1,1,1,1) with symmetric Hamil-
tonians (see Theorem 2.3). We take the following coupling confluence process PV I → PV
for the coordinate system (x, y) and (z, w) of this system. Precisely speaking, for the
Garnier system G(1,1,1,1,1), we make the change of parameters and variables
α1 = A3 + A5 − 1, α2 = A1, α3 = 1− A5,
α4 = A2, α5 = A4 + A5 − 1
ε
, α6 = 1−A3 − A5 + 1
ε
,
(4)
T =
t− 1
ε
, X =
x
x− 1 , Y = −(x− 1){(x− 1)y + α2},
S =
s− 1
ε
, Z =
z
z − 1 , W = −(z − 1){(z − 1)w + α4}.
(5)
from α1, α2, . . . , α6, t, s, x, y, z, w to A1, . . . , A5, ε, T, S,X, Y, Z,W . Then this system can
also be written in the new variables T, S,X, Y, Z,W and parameters A1, . . . , A5, ε as a
Hamiltonian system. This new system tends to the degenerate Garnier system G(1,1,1,2)
with symmetric Hamiltonians (see Theorem 5.1) as ε→ 0 (see in Section 3).
We also show the confluence process among each system by taking the coupling conflu-
ence process of the Painleve´ systems (see Figure 1).
In this paper, we do not consider the coupling confluence process PIII → PII . These
coupling confluence processes are new.
Moreover, we can make a generalization of these systems involving symmetry and holo-
morphy conditions without monodromy preserving deformations equations of second-order
linear ordinary differential equations. The Hamiltonian system obtained by this process
is generally rational functions of t, s, x, y, z, w, q, p, and is not symmetric. However, our
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Confluence process of the Painleve´ equations
Confluence process of the Garnier system in two variables
Figure 1.
Hamiltonians are all polynomials with respect to x, y, z, w, q, p and symmetric. The sys-
tem is explicitly given by
dx =
∂H1
∂y
dt+
∂H2
∂y
ds+
∂H3
∂y
du, dy = −∂H1
∂x
dt− ∂H2
∂x
ds− ∂H3
∂x
du,
dz =
∂H1
∂w
dt+
∂H2
∂w
ds+
∂H3
∂w
du, dw = −∂H1
∂z
dt− ∂H2
∂z
ds− ∂H3
∂z
du,
dq =
∂H1
∂p
dt+
∂H2
∂p
ds+
∂H3
∂p
du, dp = −∂H1
∂q
dt− ∂H2
∂q
ds− ∂H3
∂q
du
(6)
with the symmetric polynomial Hamiltonians Hi ∈ C(t, s, u)[x, y, z, w, q, p] (i = 1, 2, 3)
H1 := H∗(x, y, t;α0, . . .) +R(x, y, z, w, t, s;α0, . . .) +R(x, y, q, p, t, u;α0, . . .)
H2 = pi(H1), H3 = (pi ◦ pi)(H1),
(7)
where the transformation pi is explicitly given by
(8) pi : (x, y, z, w, q, p, t, s, u)→ (z, w, q, p, x, y, s, u, t), (pi)3 = 1
with some parameter’s change, and the symbol H∗(x, y, t;α0, . . .) denotes one of the
Painleve´ Hamiltonians.
Moreover, we can make the symmetry and holomorphy conditions inductively. These
Hamiltonian systems in three variables are new.
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2. Garnier system in two variables
The Garnier system in two variables is equivalent to the Hamiltonian system
dx =
∂H1
∂y
dt+
∂H2
∂y
ds, dy = −∂H1
∂x
dt− ∂H2
∂x
ds,
dz =
∂H1
∂w
dt+
∂H2
∂w
ds, dw = −∂H1
∂z
dt− ∂H2
∂z
ds
(9)
with the polynomial Hamiltonians
H1 =HV I(x, y, t; 1− 2α1 − α2 − α3 − α5, α2, α1, α5, α3)
− α4s
t(t− s)xy −
α3(s− 1)
(t− 1)(t− s)zw +
2(s− 1)xyzw
(t− 1)(t− s)
− t(xy − α3)yz + s(zw − α4)xw
t(t− s) +
{2(xy + α1) + zw + α2}xzw
t(t− 1) ,
(10)
H2 =pi(H1),(11)
where the transformation pi is explicitly given by
pi : (x, y, z, w, t, s;α1, α2, α3, α4, α5, α6)→ (z, w, x, y, s, t;α1, α2, α4, α3, α5, α6),(12)
and the symbol HV I(x, y, t;α0, α1, . . . , α4) denotes the sixth Painleve´ Hamiltonian given
by
HV I(x, y, t;α0, α1, α2, α3, α4)
=
1
t(t− 1)[y
2(x− t)(x− 1)x− {(α0 − 1)(x− 1)x+ α3(x− t)x
+ α4(x− t)(x− 1)}y + α2(α1 + α2)(x− t)] (α0 + α1 + 2α2 + α3 + α4 = 1).
(13)
Theorem 2.1. Let us consider a polynomial Hamiltonian system with Hamiltonian
Hi ∈ C(t, s)[x, y, z, w] (i = 1, 2). We assume that
(A1) deg(Hi) = 5 with respect to x, y, z, w.
(A2) This system becomes again a polynomial Hamiltonian system in each coordinate
system
{Uj , (xj, yj, zj, wj)} (j = 1, 2, .., 6):
Uj = C
4 ∋ (xj , yj, zj , wj) (j = 1, 2, .., 6),
SYMMETRIC HAMILTONIAN OF THE GARNIER SYSTEM 5
via the following birational and symplectic transformations
1) x1 =
1
x
, y1 = −x(xy + zw + α1), z1 = z
x
, w1 = xw,
2) x2 =
1
x
, y2 = −x(xy + zw + α1 + α2), z2 = z
x
, w2 = xw,
3) x3 = −y(xy − α3), y3 = 1
y
, z3 = z, w3 = w,
4) x4 = x, y4 = y, z4 = −w(zw − α4), w4 = 1
w
,
5) x5 = −((x+ z − 1)y − α5)y, y5 = 1
y
, z5 = z, w5 = w − y,
6) x6 = − ((x+ tz/s− t) y − α6) y, y6 = 1
y
, z6 = z, w6 = w − ty/s.
Then such a system coincides with the system (1).
Theorem 2.2. On each affine open set (xj , yj, zj , wj) ∈ Uj × B in Theorem 1.1, the
Hamiltonians Hj1 and Hj2 on Uj ×B are expressed as a polynomial in xj , yj, zj, wj and a
rational function t and s, and satisfies the following conditions:
dx ∧ dy + dz ∧ dw − dH1 ∧ dt− dH2 ∧ ds
= dxj ∧ dyj + dzj ∧ dwj − dHj1 ∧ dt− dHj2 ∧ ds (j = 1, 2, .., 5),
dx ∧ dy + dz ∧ dw − d(H1 − (1− z/s)y) ∧ dt− d(H2 − (1− x/t)w) ∧ ds
= dx6 ∧ dy6 + dz6 ∧ dw6 − dH61 ∧ dt− dH62 ∧ ds.
Theorem 2.3. The birational and symplectic transformation
(14) S : (x, y, z, w; t, s)→ (x+ (zw + α1)/y, y, w/y,−zy, t, t/s),
takes the system (1) to the Hamiltonian system
dx =
∂H1
∂y
dt+
∂H2
∂y
ds, dy = −∂H1
∂x
dt− ∂H2
∂x
ds,
dz =
∂H1
∂w
dt+
∂H2
∂w
ds, dw = −∂H1
∂z
dt− ∂H2
∂z
ds
(15)
with the polynomial Hamiltonians
H1 = HV I(x, y, t; 1− α1 − α2 − α3 − α5,−α1 − α2, α2, α1 + α5, α1 + α3)
+
α4xy
(t− s) +
α2(s− 1)zw + 2(s− 1)xyzw
(t− 1)(t− s) +
{ty + (xy + α2)x}zw
t(t− 1)
− t(zw + α4)yz + s(xy + α2)xw
t(t− s) ,
(16)
H2 = pi(H1),(17)
where the transformation pi is explicitly given by
(18) pi : (x, y, z, w; t, s, α1, α2, . . . , α6)→ (z, w, x, y; s, t, α1, α4, α3, α2, α5, α6).
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This transformation can be regarded as a generalization of Okamoto-transformation of
the sixth Painleve´ system.
Remark 2.4. The system (1) is not invariant under S.
Theorem 2.5. Let us consider a polynomial Hamiltonian system with Hamiltonian
Hi ∈ C(t, s)[x, y, z, w] (i = 1, 2). We assume that
(A1) deg(Hi) = 5 with respect to x, y, z, w.
(A2) This system becomes again a polynomial Hamiltonian system in each coordinate
system {Uj, (xj , yj, zj, wj)} (j = 1, 2, .., 6):
Uj = C
4 ∋ (xj , yj, zj , wj) (j = 1, 2, .., 6),
via the following birational and symplectic transformations
1)x1 =
1
x
, y1 = −x(xy + α2), z1 = z, w1 = w,
2)x2 = 1/x, y2 = −x(xy + zw − α1), z2 = z
x
, w2 = xw,
3)x3 = x, y3 = y, z3 = 1/z, w3 = −(zw + α4)z,
4)x4 = −(xy + zw − (α1 + α3))y, y4 = 1/y, z4 = zy, w4 = w/y,
5)x5 = −((x− 1)y + (z − 1)w − (α1 + α5))y, y5 = 1/y, z5 = (z − 1)y, w5 = w/y,
6)x6 = −((x− t)y + (z − s)w − (α1 + α6))y, y6 = 1/y, z6 = (z − s)y, w6 = w/y.
Then such a system coincides with the system (15).
Theorem 2.6. On each affine open set (xj , yj, zj , wj) ∈ Uj × B in Theorem 2.3, the
Hamiltonians Hj1 and Hj2 on Uj ×B are expressed as a polynomial in xj , yj, zj, wj and a
rational function in t and s, and satisfies the following conditions:
dx ∧ dy + dz ∧ dw − dH1 ∧ dt− dH2 ∧ ds
= dxj ∧ dyj + dzj ∧ dwj − dHj1 ∧ dt− dHj2 ∧ ds (j = 1, 2, .., 5),
dx ∧ dy + dz ∧ dw − d(H1 − y) ∧ dt− d(H2 − w) ∧ ds
= dx6 ∧ dy6 + dz6 ∧ dw6 − dH61 ∧ dt− dH62 ∧ ds.
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Theorem 2.7. The system (15) is invariant under the following transformations: with
the notation (∗) = (x, y, z, w, t, s;α1, α2, . . . , α6),
u1 : (∗)→ (x+ α2/y, y, z, w, t, s;α1 + α1,−α2, α3, α4, α5, α6),
u2 : (∗)→ (x, y, z + α4/w, w, t, s;α1 + α4, α2, α3,−α4, α5, α6),
u3 : (∗)→ ( x(xy + zw − α1)
(xy + zw − α1 − α3) ,
y(xy + zw − α1 − α3)
(xy + zw − α1) ,
z(xy + zw − α1)
(xy + zw − α1 − α3) ,
w(xy + zw − α1 − α3)
(xy + zw − α1) , t, s;α1 + α3, α2,−α3, α4, α5, α6),
ϕ1 : (∗)→ (1/x,−(xy + α2)x, 1/z,−(zw + α4)z, 1/t, 1/s;
− α1 − α2 − α3 − α4, α2, α3, α4, 1− α6, 1− α5),
ϕ2 : (∗)→ (1− x,−y, 1− z,−w, 1− t, 1− s;α1, α2, α5, α4, α3, α6),
ϕ3 : (∗)→
(
t− x
t− 1 ,−(t− 1)y,
s− z
s− 1 ,−(s− 1)w,
t
t− 1 ,
s
s− 1;α1, α2, α6, α4, α5, α3
)
.
3. A generalization of the system (15) to three variables
In this section, we present a generalization of the system (15) to three variables t, s and
u, which is equivalent to the polynomial Hamiltonian system
dx =
∂H1
∂y
dt+
∂H2
∂y
ds+
∂H3
∂y
du, dy = −∂H1
∂x
dt− ∂H2
∂x
ds− ∂H3
∂x
du,
dz =
∂H1
∂w
dt+
∂H2
∂w
ds+
∂H3
∂w
du, dw = −∂H1
∂z
dt− ∂H2
∂z
ds− ∂H3
∂z
du,
dq =
∂H1
∂p
dt+
∂H2
∂p
ds+
∂H3
∂p
du, dp = −∂H1
∂q
dt− ∂H2
∂q
ds− ∂H3
∂q
du
(19)
with the symmetric Hamiltonians Hi ∈ C(t, s, u)[x, y, z, w, q, p] (i = 1, 2, 3)
H1 = HV I(x, y, t; 1− α1 − α2 − α3 − α5,−α1 − α2, α2, α1 + α5, α1 + α3)
+R(x, y, z, w, t, s;α2, α4) +R(x, y, q, p, t, u;α2, α7),
H2 = pi(H1), H3 = (pi ◦ pi)(H1) (2α1 + α2 + · · ·+ α7 = 1),
(20)
where the transformation pi is explicitly given by
(21) pi : (∗)→ (z, w, q, p, x, y, s, u, t;α1, α4, α3, α7, α5, α6, α2).
Here the symbol (∗) denotes (∗) := (x, y, z, w, q, p, t, s, u;α1, α2, α3, α4, α5, α6, α7), and the
symbol
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R(ql, pl, qm, pm, tl, tm;α, β) is explicitly given by
R(ql, pl, qm, pm, tl, tm;α, β)
=
βqlpl
tl − tm +
α(tm − 1)qmpm
(tl − 1)(tl − tm) +
{tlpl + (qlpl + α)ql}qmpm
tl(tl − 1)
− tl(qmpm + β)plqm + tm(qlpl + α)qlpm
tl(tl − tm) .
For the Hamiltonian system (9), it is difficult to make a generalization to three variables
by a similar way.
Theorem 3.1. Let us consider a polynomial Hamiltonian system with Hamiltonian
Hi ∈ C(t, s, u)[x, y, z, w, q, p] (i = 1, 2, 3). We assume that
(A1) deg(Hi) = 5 with respect to x, y, z, w, q, p.
(A2) This system becomes again a polynomial Hamiltonian system in each coordinate
system {Uj, (xj , yj, zj, wj, qj , pj)} (j = 1, 2, . . . , 7):
Uj = C
6 ∋ (xj , yj, zj , wj, qj, pj) (j = 1, 2, . . . , 7),
via the following birational and symplectic transformations
1)x1 = 1/x, y1 = −x(xy + zw + qp− α1), z1 = z
x
, w1 = xw, q1 =
q
x
, p1 = xp,
2)x2 =
1
x
, y2 = −x(xy + α2), z2 = z, w2 = w, q2 = q, p2 = p,
3)x3 = −(xy + zw + qp− (α1 + α3))y, y3 = 1/y, z3 = zy, w3 = w/y,
q3 = qy, w3 = p/y,
4)x4 = x, y4 = y, z4 = 1/z, w4 = −(zw + α4)z, q4 = q, p4 = p,
5)x5 = −((x− 1)y + (z − 1)w + (q − 1)p− (α1 + α5))y, y5 = 1/y,
z5 = (z − 1)y, w5 = w/y, q5 = (q − 1)y, p5 = p/y,
6)x6 = −((x− t)y + (z − s)w + (q − u)p− (α1 + α6))y, y6 = 1/y,
z6 = (z − s)y, w6 = w/y, q6 = (q − u)y, p6 = p/y,
7)x7 = x, y7 = y, z7 = z, w7 = w, q7 = 1/q, p7 = −(qp+ α7)q.
Then such a system coincides with the system (20).
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Theorem 3.2. The system (20) is invariant under the following transformations: with
the notation (∗) = (x, y, z, w, q, p, t, s, u;α1, α2, . . . , α7),
u2 : (∗)→ (x+ α2/y, y, z, w, q, p, t, s, u;α1 + α1,−α2, α3, α4, α5, α6, α7),
u4 : (∗)→ (x, y, z + α4/w, w, q, p, t, s, u;α1 + α4, α2, α3,−α4, α5, α6, α7),
u7 : (∗)→ (x, y, z, w, q, p+ α7/p, t, s, u;α1 + α7, α2, α3, α4, α5, α6,−α7),
u3 : (∗)→ ( x(xy + zw + qp− α1)
(xy + zw + qp− α1 − α3) ,
y(xy + zw + qp− α1 − α3)
(xy + zw + qp− α1) ,
z(xy + zw + qp− α1)
(xy + zw + qp− α1 − α3) ,
w(xy + zw + qp− α1 − α3)
(xy + zw + qp− α1) ,
q(xy + zw + qp− α1)
(xy + zw + qp− α1 − α3) ,
p(xy + zw + qp− α1 − α3)
(xy + zw + qp− α1) ,
t, s, u;α1 + α3, α2,−α3, α4, α5, α6, α7),
ϕ1 : (∗)→ (1/x,−(xy + α2)x, 1/z,−(zw + α4)z, 1/q,−(qp+ α7)q, 1/t, 1/s, 1/u;
− α1 − α2 − α3 − α4 − α7, α2, α3, α4, 1− α6, 1− α5, α7),
ϕ2 : (∗)→ (1− x,−y, 1− z,−w, 1− q,−p, 1− t, 1− s, 1− u;
α1, α2, α5, α4, α3, α6, α7),
ϕ3 : (∗)→ (t− x
t− 1 ,−(t− 1)y,
s− z
s− 1 ,−(s− 1)w,
u− q
u− 1 ,−(u− 1)p,
t
t− 1 ,
s
s− 1 ,
u
u− 1;α1, α2, α6, α4, α5, α3, α7).
4. Degenerate Garnier system G(1, 1, 1, 2) in two variables
The degenerate Garnier system G(1, 1, 1, 2) in two variables t, s is equivalent to the
Hamiltonian system
dx =
∂H1
∂y
dt+
∂H2
∂y
ds, dy = −∂H1
∂x
dt− ∂H2
∂x
ds,
dz =
∂H1
∂w
dt+
∂H2
∂w
ds, dw = −∂H1
∂z
dt− ∂H2
∂z
ds
(22)
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with the polynomial Hamiltonians Ki ∈ C(t, s)[x, y, z, w] (i = 1, 2) (see [2])
t2K1 =x
2(x− t)y2 + 2x2zyw + xz(z − s)w2
− {(α0 + α2 − 1)x2 + α1x(x− t) + η(x− t) + ηtz}y
− {(α0 + α1 − 1)xz + α2x(z − s) + η(s− 1)z}w + ν(ν + α3)x,
s(s− 1)K2 =x2zy2 + 2xz(z − s)yw
+ {z(z − 1)(z − s) + s(s− 1)
t
xz}w2
− {(α0 + α1 − 1)xz + α2x(z − s)− η(s− 1)z}y
− {(α0 − 1)z(z − 1) + α1z(z − s) + α2(z − 1)(z − s)
+
s(s− 1)
t
(α2x+ ηz)}w + ν(ν + α3)z
(
ν = −1
2
(α0 + α1 + α2 − 1 + α3)
)
.
(23)
Theorem 4.1. The system (22) is invariant under the following transformations: with
the notation (∗) = (x, y, z, w, η, t, s;α0, α1, . . . , α3, ν),
s0 : (∗)→
(
x, y − sα0
sx+ tz − ts , z, w −
tα0
sx+ tz − ts, η, t, s;−α0, α1, α2,−α3, ν
)
,
s1 : (∗)→
(
x, y − α1
x
+
η(z − 1)
x2
, z, w − η
x
,−η, t, s;α0,−α1, α2,−α3, ν
)
,
s2 : (∗)→
(
x, y, z, w − α2
z
, η, t, s;α0, α1,−α2, α3, ν + α2
)
,
s3 : (∗)→ (x, y, z, w, η, t, s;α0, α1, α2,−α3, ν + α3).
Theorem 4.2. Let us consider a polynomial Hamiltonian system with Hamiltonian
Hi ∈ C(t, s)[x, y, z, w] (i = 1, 2). We assume that
(A1) deg(Hi) = 5 with respect to x, y, z, w.
(A2) This system becomes again a polynomial Hamiltonian system in each coordinate
system {Uj, (xj , yj, zj, wj)} (j = 1, 2, .., 5):
Uj = C
4 ∋ (xj , yj, zj , wj) (j = 1, 2, .., 5),
SYMMETRIC HAMILTONIAN OF THE GARNIER SYSTEM 11
via the following birational and symplectic transformations
1)x1 =
1
x
, y1 = −(xy + zw + ν + α3)x, z1 = z
x
, w1 = xw,
2)x2 =
1
x
, y2 = −(xy + zw + ν)x, z2 = z
x
, w2 = xw,
3)x3 = x, y3 = y − α1
x
+
η(z − 1)
x2
, z3 = z, w3 = w − η
x
,
4)x4 = x, y4 = y, z4 = −(zw − α2)w, w4 = 1
w
,
5)x5 = −
((
x+
t
s
z − t
)
y − α0
)
y, y5 =
1
y
, z5 = z, w5 = w − t
s
y.
Then such a system coincides with the system (22).
5. Symmetric Hamiltonian of the system (22)
In this section, we make symmetric Hamiltonian for the degenerate Garnier system
G(1, 1, 1, 2) by taking suitable birational and symplectic transformations. By making this
symmetric Hamiltonian, we can make a generalization of this system involving symmetry
and holomorphy in the next section. We also show the confluence process from the
system (15) to this system by taking the coupling confluence process PV I → PV for each
coordinate system (x, y) and (z, w) of the system (15), respectively.
Theorem 5.1. The birational and symplectic transformations with parameter’s change:
X := x(xy + zw + ν), Y :=
1
x
, Z := xw, W := −z
x
, T := −1
t
, S := −s
t
,
η = 1, (α0, α1, α2, α3, ν)→ (α5, α4 − α3, α2, α1, α3)
(24)
takes the system (22) to the polynomial Hamiltonian system
dx =
∂H1
∂y
dt+
∂H2
∂y
ds, dy = −∂H1
∂x
dt− ∂H2
∂x
ds,
dz =
∂H1
∂w
dt+
∂H2
∂w
ds, dw = −∂H1
∂z
dt− ∂H2
∂z
ds
(25)
with the symmetric Hamiltonians Hi ∈ C(t, s)[x, y, z, w] (i = 1, 2)
H1 = HV (x, y, t;α3, α1, α4)− α2sxy
t(s− t) −
α1zw
s− t
+
tx2yw + tyzw + α1txw + syz
2w − syzw + α2syz − 2txyzw
t(s− t) ,
H2 = pi(H1) (α1 + α2 + · · ·+ α5 = 1),
(26)
Here, for notational convenience, we have renamed X, Y, Z,W, T, S to x, y, z, w, t, s
(which are not the same as the previous x, y, z, w, t, s). The transformation pi is explicitly
given by
(27) pi : (x, y, z, w, t, s;α1, α2, α3, α4, α5)→ (z, w, x, y, s, t;α2, α1, α3, α4, α5).
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We note that the Hamiltonian H1 involves the Painleve´ V Hamiltonian HV given by
HV (x, y, t;α1, α2, α3) =
x(x− 1)y(y + t) + α2tx− α3xy − α1y(x− 1)
t
.(28)
Theorem 5.2. Let us consider a polynomial Hamiltonian system with Hamiltonian
Hi ∈ C(t, s)[x, y, z, w] (i = 1, 2). We assume that
(A1) deg(Hi) = 5 with respect to x, y, z, w.
(A2) This system becomes again a polynomial Hamiltonian system in each coordinate
system {Uj, (xj , yj, zj, wj)} (j = 1, 2, .., 5):
Uj = C
4 ∋ (xj , yj, zj , wj) (j = 1, 2, .., 5),
via the following birational and symplectic transformations
1)x1 =
1
x
, y1 = −(yx+ α1)x, z1 = z, w1 = w,
2)x2 = x, y2 = y, z2 =
1
z
, w2 = −(zw + α2)z,
3)x3 = −(yx+ wz − α3)y, y3 = 1
y
, z3 = zy, w3 =
w
y
,
4)x4 = −((x− 1)y + (z − 1)w − α4)y, y4 = 1
y
, z4 = (z − 1)y, w4 = w
y
,
5)x5 =
1
x
, y5 = −((y + tw/s+ t)x+ α5)x, z5 = z − tx/s, w5 = w.
Then such a system coincides with the system (25).
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Theorem 5.3. The system (25) is invariant under the following transformations: with
the notation (∗) = (x, y, z, w, t, s;α1, α2, . . . , α5),
s1 : (∗)→
(
x+
α1
y
, y, z, w, t, s;−α1, α2, α3 + α1, α4 + α1, α5
)
,
s2 : (∗)→
(
x, y, z +
α2
w
,w, t, s;α1,−α2, α3 + α2, α4 + α2, α5
)
,
s5 : (∗)→
(
x+
α5
y + tw/s+ t
, y, z +
tα5
s(y + tw/s+ t)
, w, t, s;α1, α2, α3 + α5, α4 + α5,−α5
)
,
pi1 : (∗)→ (z, w, x, y, s, t;α2, α1, α3, α4, α5),
pi2 : (∗)→ (1− x,−y, 1− z,−w,−t,−s;α1, α2, α4, α3, α5),
pi3 : (∗)→ (−xy + zw − α3
tx
,
tx(xy + α1)
xy + zw − α3 ,−
xy + zw − α3
sz
,
sz(zw + α2)
xy + zw − α3 ,−t,−s;
α1, α2, α4 + α5 − 1, α3 + α5, 1− α5),
pi4 : (∗)→ (−y(x− 1) + w(z − 1)− α4
t(x− 1) ,
t(x− 1)((x− 1)y + α1)
y(x− 1) + w(z − 1)− α4 ,
− y(x− 1) + w(z − 1)− α4
s(z − 1) ,
s(z − 1)((z − 1)w + α2)
y(x− 1) + w(z − 1)− α4 , t, s;
α1, α2, α3 + α5 − 1, α4 + α5, 1− α5).
Proposition 5.4. The transformation pi3 can be obtained by composing the following
transformations:
Step 1: We transform the system (25) by the following birational and symplectic trans-
formation
g1 : (x, y, z, w)→ (x, y + (zw − α3)/x, z/x, xw).
Step 2: We then transform the system obtained by Step 1 by the following birational
and symplectic transformation
g2 : (x, y, z, w)→ (x− (zw − α1 − α3)/y, y, z/y, wy).
Step 3: We then transform the system obtained by Step 2 by the following birational
and symplectic transformation
g3 : (∗)→ (y,−x, 1/z,−(zw + α2)z).
Step 4: We then transform the system obtained by Step 3 by the following birational
and symplectic transformation
g4 : (∗)→ (−x/t,−ty,−z/s,−sw,−t,−s).
As is well-known, the degeneration from PV I to PV (see [7]) is given by
α0 = ε
−1, α1 = A3, α3 = A0 − A2 − ε−1, α4 = A1
t = 1 + εT, (x− 1)(X − 1) = 1, (x− 1)y + (X − 1)Y = −A2.
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Notice that
A0 + A1 + A2 + A3 = α0 + α1 + 2α2 + α3 + α4 = 1
and the change of variables from (x, y) to (X, Y ) is symplectic.
As the fourth-order analogue of the above confluence process, we consider the follow-
ing coupling confluence process from the system (15). We take the following coupling
confluence process PV I → PV for each coordinate system (x, y) and (z, w) of the system
(15).
Theorem 5.5. For the system (15), we make the change of parameters and variables
α1 = A3 + A5 − 1, α2 = A1, α3 = 1− A5,
α4 = A2, α5 = A4 + A5 − 1
ε
, α6 = 1−A3 − A5 + 1
ε
,
(29)
T =
t− 1
ε
, S =
s− 1
ε
, X =
x
x− 1 , Z =
z
z − 1 ,
Y = −(x− 1){(x− 1)y + α2}, W = −(z − 1){(z − 1)w + α4}
(30)
from α1, α2, . . . , α6, t, s, x, y, z, w to A1, . . . , A5, ε, T, S,X, Y, Z,W . Then this system can
also be written in the new variables T, S,X, Y, Z,W and parameters A1, . . . , A5, ε as a
Hamiltonian system. This new system tends to the system (25) as ε→ 0.
6. A generalization of the system (25) to three variables
In this section, we present a generalization of the system (25) to three variables t, s and
u, which is equivalent to the polynomial Hamiltonian system
dx =
∂H1
∂y
dt+
∂H2
∂y
ds+
∂H3
∂y
du, dy = −∂H1
∂x
dt− ∂H2
∂x
ds− ∂H3
∂x
du,
dz =
∂H1
∂w
dt+
∂H2
∂w
ds+
∂H3
∂w
du, dw = −∂H1
∂z
dt− ∂H2
∂z
ds− ∂H3
∂z
du,
dq =
∂H1
∂p
dt+
∂H2
∂p
ds+
∂H3
∂p
du, dp = −∂H1
∂q
dt− ∂H2
∂q
ds− ∂H3
∂q
du
(31)
with the symmetric Hamiltonians Hi ∈ C(t, s, u)[x, y, z, w, q, p] (i = 1, 2, 3)
H1 = HV (x, y, t;α4, α1, α5)
+R(x, y, z, w, t, s;α1, α2) +R(x, y, q, p, t, u;α1, α3),
H2 = pi(H1), H3 = (pi ◦ pi)(H1) (α1 + α2 + · · ·+ α6 = 1),
(32)
where the transformation pi is explicitly given by
(33) pi : (∗)→ (z, w, q, p, x, y, s, u, t;α2, α3, α1, α4, α5, α6)
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Here the symbol (∗) denotes (∗) := (x, y, z, w, q, p, t, s, u;α1, . . . , α6), and the symbol
R(ql, pl, qm, pm, tl, tm;α, β) is explicitly given by
R(ql, pl, qm, pm, tl, tm;α, β)
=
βtmqlpl
tl(tl − tm) +
αqmpm
tl − tm
− tlql
2plpm + tlplqmpm + αtlqlpm + tmplqm
2pm − tmplqmpm + βtmplqm − 2tlqlplqmpm
tl(tl − tm) .
Theorem 6.1. Let us consider a polynomial Hamiltonian system with Hamiltonian
Hi ∈ C(t, s, u)[x, y, z, w, q, p] (i = 1, 2, 3). We assume that
(A1) deg(Hi) = 5 with respect to x, y, z, w, q, p.
(A2) This system becomes again a polynomial Hamiltonian system in each coordinate
system
{Uj , (xj, yj, zj, wj, qj , pj)} (j = 1, 2, .., 6):
Uj = C
6 ∋ (xj , yj, zj, wj, qj , pj) (j = 1, 2, .., 6),
via the following birational and symplectic transformations
1)x1 =
1
x
, y1 = −(yx+ α1)x, z1 = z, w1 = w, q1 = q, p1 = p,
2)x2 = x, y2 = y, z2 =
1
z
, w2 = −(zw + α2)z, q2 = q, p2 = p,
3)x3 = x, y3 = y, z3 = z, w3 = w, q3 =
1
q
, p3 = −(qp + α3)q,
4)x4 = −(yx+ wz + pq − α4)y, y4 = 1
y
, z4 = zy,
w4 =
w
y
, q4 = qy, p4 =
p
y
,
5)x5 = −((x− 1)y + (z − 1)w + (q − 1)p− α5)y, y5 = 1
y
, z5 = (z − 1)y,
w5 =
w
y
, q5 = (q − 1)y, p5 = p
y
,
6)x6 =
1
x
, y6 = −((y + tw/s+ tp/u+ t)x+ α6)x, z6 = z − tx/s,
w6 = w, q6 = q − tx/u, p6 = p.
Then such a system coincides with the system (31).
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Theorem 6.2. The system (31) is invariant under the following transformations: with
the notation (∗) = (x, y, z, w, q, p, t, s, u;α1, α2, . . . , α6),
s1 : (∗)→
(
x+
α1
y
, y, z, w, q, p, t, s, u;−α1, α2, α3, α4 + α1, α5 + α1, α6
)
,
s2 : (∗)→
(
x, y, z +
α2
w
,w, t, s, u;α1,−α2, α3, α4 + α2, α5 + α2, α6
)
,
s3 : (∗)→
(
x, y, z, w, q +
α3
p
, p, t, s, u;α1, α2,−α3, α4 + α3, α5 + α3, α6
)
,
s6 : (∗)→ (x+ α6su
suy + tuw + tsp + tsu
, y, z +
α6tu
suy + tuw + tsp+ tsu
, w,
q +
α6ts
suy + tuw + tsp+ tsu
, p, t, s, u;α1, α2, α3, α4 + α6, α5 + α6,−α6),
pi1 : (∗)→ (z, w, q, p, x, y, s, u, t;α3, α2, α1, α4, α5, α6),
pi2 : (∗)→ (1− x,−y, 1− z,−w, 1− q,−p,−t,−s,−u;α1, α2, α3, α5, α4, α6),
pi3 : (∗)→ (−xy + zw + qp− α4
tx
,
tx(xy + α1)
xy + zw + qp− α4 ,−
xy + zw + qp− α4
sz
,
sz(zw + α2)
xy + zw + qp− α4 ,−
xy + zw + qp− α4
uq
,
uq(qp+ α3)
xy + zw + qp− α4 ,−t,−s,−u;
α1, α2, α3, α5 + α6 − 1, α4 + α6, 1− α6),
pi4 : (∗)→ ((1− x)y + (1− z)w + (1− q)p+ α5
t(x− 1) ,
t(x− 1)((x− 1)y + α1)
(x− 1)y + (z − 1)w + (q − 1)p− α5 ,
(1− x)y + (1− z)w + (1− q)p+ α5
s(z − 1) ,
s(z − 1)((z − 1)w + α2)
(x− 1)y + (z − 1)w + (q − 1)p− α5 ,
(1− x)y + (1− z)w + (1− q)p+ α5
u(q − 1) ,
u(q − 1)((q − 1)p+ α3)
(x− 1)y + (z − 1)w + (q − 1)p− α5 , t, s, u;α1, α2, α3, α4 + α6 − 1, α5 + α6, 1− α6).
7. Degeneration from the system (25)
As the fourth-order analogue of the confluence process from PV to PIV (see [7]), we
consider the following coupling confluence process from the system (25). We take the
following coupling confluence process PV → PIV for each coordinate system (x, y) and
(z, w) of the system (25).
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Theorem 7.1. For the system (25), we make the change of parameters and variables
α1 = A1, α2 = A2, α3 = A3, α4 = − 1
2ε2
, α5 = 1−A1 − A2 − A3 + 1
2ε2
(34)
t =
1 + 2εT
2ε2
, s =
1 + 2εS
2ε2
, x =
εX
εX − 1 , z =
εZ
εZ − 1 ,
y = −(εX − 1){(εX − 1)Y + εA2}
ε
, w = −(εZ − 1){(εZ − 1)W + εA2}
ε
(35)
from α1, α2, . . . , α5, t, x, y, z, w to A1, . . . , A4, ε, T,X, Y, Z,W . Then this system can also
be written in the new variables T,X, Y, Z,W and parameters A1, A2, A3, A4, ε as a Hamil-
tonian system. This new system tends to the polynomial Hamiltonian system
dx =
∂H1
∂y
dt+
∂H2
∂y
ds, dy = −∂H1
∂x
dt− ∂H2
∂x
ds,
dz =
∂H1
∂w
dt+
∂H2
∂w
ds, dw = −∂H1
∂z
dt− ∂H2
∂z
ds
(36)
with the symmetric Hamiltonians Hi ∈ C(t, s)[x, y, z, w] (i = 1, 2)
H1 = HIV (x, y, t;α1, α2) +
α3
t− sxy +
α2
t− szw
− x
2yw − 2(t− s)yzw − 2xyzw + yz2w + α3yz + α2xw
t− s ,
H2 = pi(H1) (α1 + α2 + α3 + α4 = 1)
(37)
as ε→ 0.
Here, for notational convenience, we have renamed X, Y, Z,W, T, S, A1, A2, A3 to x, y, z,
w, t, s, α1, α2, α3 (which are not the same as the previous x, y, z, w, t, s, α1, α2, α3). The
transformation pi is explicitly given by
(38) pi : (x, y, z, w, t, s;α1, α2, α3, α4)→ (z, w, x, y, s, t;α1, α3, α2, α4),
and the symbol HIV (x, y, t;α1, α2) denotes the fourth Painleve´ Hamiltonian given by
HIV (x, y, t;α1, α2) = −x2y + 2xy2 − 2txy − 2α1y − α2x (α0 + α1 + α2 = 1).(39)
Theorem 7.2. Let us consider a polynomial Hamiltonian system with Hamiltonian
Hi ∈ C(t, s)[x, y, z, w] (i = 1, 2). We assume that
(A1) deg(Hi) = 5 with respect to x, y, z, w.
(A2) This system becomes again a polynomial Hamiltonian system in each coordinate
system {Uj, (xj , yj, zj, wj)} (j = 1, 2, 3, 4):
Uj = C
4 ∋ (xj , yj, zj, wj) (j = 1, 2, 3, 4),
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via the following birational and symplectic transformations
1)x1 = −(xy + zw − α1)y, y1 = 1
y
, z1 = zy, w1 =
w
y
,
2)x2 =
1
x
, y2 = −(yx+ α2)x, z2 = z, w2 = w,
3)x3 = x, y3 = y, z3 =
1
z
, w3 = −(zw + α3)z,
4)x4 = −((x− 2y − 2w + 2t)y + (z − 2y − 2w + 2s)w − α4)y, y4 = 1
y
,
z4 = (z − 2y − 2w + 2s)y, w4 = w
y
.
Then such a system coincides with the system (36).
Theorem 7.3. The system (36) is invariant under the following transformations: with
the notation (∗) = (x, y, z, w, t, s;α1, α2, α3, α4),
s2 : (∗)→
(
x+
α2
y
, y, z, w, t, s;α1 + α2,−α2, α3, α4 + α2
)
,
s3 : (∗)→
(
x, y, z +
α3
w
,w, t, s;α1 + α3, α2,−α3, α4 + α3
)
,
pi1 : (∗)→ (z, w, x, y, s, t;α1, α3, α2, α4),
pi2 : (∗)→ (
√−1(x− 2y − 2w + 2t),−√−1y,√−1(z − 2y − 2w + 2s),−√−1w,
−√−1t,−√−1s;α4, α2, α3, α1),
pi3 : (∗)→ (2
√−1(xy + zw − α1)
x
,
√−1x(xy + α2)
2(xy + zw − α1) ,
2
√−1(xy + zw − α1)
z
,
√−1z(zw + α3)
2(xy + zw − α1) ,−
√−1t,−√−1s;−α1 − α2 − α3, α2, α3, 1 + α1).
8. A generalization of the system (36) to three variables
In this section, we present a generalization of the system (36) to three variables, which
is equivalent to the polynomial Hamiltonian system
dx =
∂H1
∂y
dt+
∂H2
∂y
ds+
∂H3
∂y
du, dy = −∂H1
∂x
dt− ∂H2
∂x
ds− ∂H3
∂x
du,
dz =
∂H1
∂w
dt+
∂H2
∂w
ds+
∂H3
∂w
du, dw = −∂H1
∂z
dt− ∂H2
∂z
ds− ∂H3
∂z
du,
dq =
∂H1
∂p
dt+
∂H2
∂p
ds+
∂H3
∂p
du, dp = −∂H1
∂q
dt− ∂H2
∂q
ds− ∂H3
∂q
du
(40)
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with the symmetric Hamiltonians Hi ∈ C(t, s, u)[x, y, z, w, q, p] (i = 1, 2, 3)
H1 = HIV (x, y, t;α1, α2)
+R(x, y, z, w, t, s;α2, α3) +R(x, y, q, p, t, u;α2, α4),
H2 = pi(H1), H3 = (pi ◦ pi)(H1) (α1 + α2 + · · ·+ α5 = 1),
(41)
where the transformation pi is explicitly given by
(42) pi : (∗)→ (z, w, q, p, x, y, s, u, t;α1, α3, α4, α2, α5).
Here, the symbol (∗) denotes (∗) := (x, y, z, w, q, p, t, s, u;α1, α2, α3, α4, α5), and the sym-
bol
R(ql, pl, qm, pm, tl, tm;α, β) is explicitly given by
R(ql, pl, qm, pm, tl, tm;α, β)
=
βqlpl
tl − tm +
αqmpm
tl − tm
− ql
2plpm + 2tmplqmpm − 2tlplqmpm − 2qlplqmpm + plq2mpm + βplqm + αqlpm
tl − tm .
Theorem 8.1. Let us consider a polynomial Hamiltonian system with Hamiltonian
Hi ∈ C(t, s, u)[x, y, z, w, q, p] (i = 1, 2, 3). We assume that
(A1) deg(Hi) = 5 with respect to x, y, z, w, q, p.
(A2) This system becomes again a polynomial Hamiltonian system in each coordinate
system {Uj, (xj , yj, zj, wj, qj , pj)} (j = 1, 2, .., 5):
Uj = C
6 ∋ (xj , yj, zj, wj, qj , pj) (j = 1, 2, .., 5),
via the following birational and symplectic transformations
1)x1 = −(yx+ wz + pq − α1)y, y1 = 1
y
, z1 = zy,
w1 =
w
y
, q1 = qy, p1 =
p
y
,
2)x2 =
1
x
, y2 = −(yx+ α2)x, z2 = z, w2 = w, q2 = q, p2 = p,
3)x3 = x, y3 = y, z3 =
1
z
, w3 = −(wz + α3)z, q3 = q, p3 = p,
4)x4 = x, y4 = y, z4 = z, w4 = w, qw =
1
q
, p4 = −(qp + α4)q,
5)x5 = −{(x− 2y − 2w − 2p+ 2t)y + (z − 2y − 2w − 2p+ 2s)w
+ (q − 2y − 2w − 2p+ 2u)p− α5}y, y5 = 1
y
, z5 = (z − 2y − 2w − 2p+ 2s)y,
w5 =
w
y
, q5 = (q − 2y − 2w − 2p+ 2u)y, p5 = p
y
.
Then such a system coincides with the system (40).
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Theorem 8.2. The system (40) is invariant under the following transformations: with
the notation (∗) = (x, y, z, w, q, p, t, s, u;α1, α2, . . . , α5),
s2 : (∗)→
(
x+
α2
y
, y, z, w, q, p, t, s, u;α1 + α1,−α2, α3, α4, α5 + α2
)
,
s3 : (∗)→
(
x, y, z +
α3
w
,w, t, s, u;α1 + α3, α2,−α3, α4, α5 + α3
)
,
s4 : (∗)→
(
x, y, z, w, q +
α4
p
, p, t, s, u;α1 + α4, α2, α3,−α4, α5 + α4
)
,
pi1 : (∗)→ (z, w, q, p, x, y, s, u, t;α1, α3, α4, α2, α5),
pi2 : (∗)→ (
√−1(x− 2y − 2w − 2p+ 2t),−√−1y,√−1(z − 2y − 2w − 2p+ 2s),
−√−1w,√−1(q − 2y − 2w − 2p+ 2u),−√−1p,−√−1t,−√−1s,
−√−1u;α5, α2, α3, α4, α1),
pi3 : (∗)→ (2
√−1(xy + zw + qp− α1)
x
,
√−1x(xy + α2)
2(xy + zw + qp− α1) ,
2
√−1(xy + zw + qp− α1)
z
,
√−1z(zw + α3)
2(xy + zw + qp− α1) ,
2
√−1(xy + zw + qp− α1)
q
,
√−1q(qp+ α4)
2(xy + zw + qp− α1) ,
−√−1t,−√−1s,−√−1u;−α1 − α2 − α3 − α4, α2, α3, α4, 1 + α1).
9. Another degeneration from the system (25)
As the fourth-order analogue of the above confluence process from PV to PIII (see [7]),
we consider the following coupling confluence process from the system (25). We take the
following coupling confluence process PV → PIII for each coordinate system (x, y) and
(z, w) of the system (25).
Theorem 9.1. For the system (25), we make the change of parameters and variables
α1 = A0, α2 = A2, α3 =
1
ε
, α4 = 2A1 − 1
ε
, α5 = A3(43)
t = −εT, s = −εS, X = −t(x − 1), Z = −s(z − 1),
Y = −y
t
, W = −w
s
(44)
from α1, α2, . . . , α5, t, s, x, y, z, w to A0, . . . , A3, ε, T, S,X, Y, Z,W . Then this system can
also be written in the new variables T, S,X, Y, Z,W and parameters A0, . . . , A3, ε as a
Hamiltonian system. This new system tends to the polynomial Hamiltonian system
dx =
∂H1
∂y
dt+
∂H2
∂y
ds, dy = −∂H1
∂x
dt− ∂H2
∂x
ds,
dz =
∂H1
∂w
dt+
∂H2
∂w
ds, dw = −∂H1
∂z
dt− ∂H2
∂z
ds
(45)
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with the symmetric Hamiltonians Hi ∈ C(t, s)[x, y, z, w] (i = 1, 2)
H1 = HIII(x, y, t;α0, α1) +
α2s
t(t− s)xy +
α0
t− szw
− tyz
2w + sx2yw − 2txyzw + α2tyz + α0sxw
t(t− s) ,
H2 = pi(H1) (α0 + 2α1 + α2 + α3 = 1),
(46)
as ε→ 0.
Here, for notational convenience, we have renamed X, Y, Z,W, T, S, A1, A2, A3 to x, y, z,
w, t, s, α1, α2, α3 (which are not the same as the previous x, y, z, w, t, s, α1, α2, α3). The
transformation pi is explicitly given by
(47) pi : (x, y, z, w, t, s;α0, α1, α2, α3)→ (z, w, x, y, s, t;α2, α1, α0, α3),
and the symbol HIII(x, y, t;α0, α1, α2) denotes the third Painleve´ Hamiltonian given by
HIII(x, y, t;α0, α1) =
x2y(y − 1) + x{(1− 2α1)y − α0}+ ty
t
(α0 + 2α1 + α2 = 1).
(48)
Theorem 9.2. Let us consider a polynomial Hamiltonian system with Hamiltonian
Hi ∈ C(t, s)[x, y, z, w] (i = 1, 2). We assume that
(A1) deg(Hi) = 5 with respect to x, y, z, w.
(A2) This system becomes again a polynomial Hamiltonian system in each coordinate
system {Uj, (xj , yj, zj, wj)} (j = 0, 1, 2, 3):
Uj = C
4 ∋ (xj , yj, zj, wj) (j = 0, 1, 2, 3),
via the following birational and symplectic transformations
0)x0 =
1
x
, y0 = −(yx+ α0)x, z0 = z, w0 = w,
1)x1 = x, y1 = y +
s
t
w +
2{(z − s
t
x)w − α1}
x
+
t
x2
,
z1 =
z − s
t
x
x2
, w1 = x
2w,
2)x2 = x, y2 = y, z2 =
1
z
, w2 = −(zw + α2)z,
3)x3 =
1
x
, y3 = −((y + w − 1)x+ α3)x, z3 = z − x, w3 = w.
Then such a system coincides with the system (45).
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Theorem 9.3. The system (45) is invariant under the following transformations: with
the notation (∗) = (x, y, z, w, t, s;α1, α2, α3, α4),
s0 : (∗)→
(
x+
α0
y
, y, z, w, t, s;−α0, α1 + α0, α2, α3
)
,
s2 : (∗)→
(
x, y, z +
α2
w
,w, t, s;α0, α1 + α2,−α2, α3
)
,
s3 : (∗)→
(
x+
α3
y + w − 1 , y, z +
α3
y + w − 1 , w, t, s;α0, α1 + α3, α2,−α3
)
,
pi1 : (∗)→ (z, w, x, y, s, t;α2, α1, α0, α3),
pi2 : (∗)→
(
t
x
,−(xy + α0)x
t
,
s
z
,−(zw + α2)z
s
, t, s;α0, α1 + α3 − 1
2
, α2, 1− α3
)
,
pi3 : (∗)→ (x− z, y,−z, 1− y − w, t− s,−s;α0, α1, α3, α2).
10. A generalization of the system (45) to three variables
In this section, we present a generalization of the system (45) to three variables, which
is equivalent to the polynomial Hamiltonian system
dx =
∂H1
∂y
dt+
∂H2
∂y
ds+
∂H3
∂y
du, dy = −∂H1
∂x
dt− ∂H2
∂x
ds− ∂H3
∂x
du,
dz =
∂H1
∂w
dt+
∂H2
∂w
ds+
∂H3
∂w
du, dw = −∂H1
∂z
dt− ∂H2
∂z
ds− ∂H3
∂z
du,
dq =
∂H1
∂p
dt+
∂H2
∂p
ds+
∂H3
∂p
du, dp = −∂H1
∂q
dt− ∂H2
∂q
ds− ∂H3
∂q
du
(49)
with the symmetric Hamiltonians Hi ∈ C(t, s, u)[x, y, z, w, q, p] (i = 1, 2, 3)
H1 = HIII(x, y, t;α0, α1)
+R(x, y, z, w, t, s;α0, α2) +R(x, y, q, p, t, u;α0, α4),
H2 = pi(H1), H3 = (pi ◦ pi)(H1) (α0 + 2α1 + α2 + α3 + α4 = 1),
(50)
where the transformation pi is explicitly given by
(51) pi : (∗)→ (z, w, q, p, x, y, s, u, t;α2, α1, α4, α3, α0).
Here the symbol (∗) denotes (∗) := (x, y, z, w, q, p, t, s, u;α0, α1, α2, α3, α4), and the symbol
R(ql, pl, qm, pm, tl, tm;α, β) is explicitly given by
R(ql, pl, qm, pm, tl, tm;α, β)
=
βtmqlpl
tl(tl − tm) +
αqmpm
tl − tm
− tlplq
2
mpm + tmq
2
l plpm − 2tlqlplqmpm + βtlplqm + αtmqlpm
tl(tl − tm) .
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Theorem 10.1. Let us consider a polynomial Hamiltonian system with Hamiltonian
Hi ∈ C(t, s, u)[x, y, z, w, q, p] (i = 1, 2, 3). We assume that
(A1) deg(Hi) = 5 with respect to x, y, z, w, q, p.
(A2) This system becomes again a polynomial Hamiltonian system in each coordinate
system {Uj, (xj , yj, zj, wj, qj , pj)} (j = 0, 1, .., 4):
Uj = C
6 ∋ (xj , yj, zj, wj, qj , pj) (j = 0, 1, .., 4),
via the following birational and symplectic transformations
0)x0 =
1
x
, y0 = −(yx+ α0)x, z0 = z, w0 = w, q0 = q, p0 = p,
1)x1 = x, y1 = y +
s
t
w +
u
t
p+
2{(z − s
t
x)w + (q − u
t
x)p− α1}
x
+
t
x2
,
z1 =
z − s
t
x
x2
, w1 = x
2w, q1 =
q − u
t
x
x2
, p1 = x
2p,
2)x2 = x, y2 = y, z2 =
1
z
, w2 = −(zw + α2)z, q2 = q, p2 = p,
3)x3 =
1
x
, y3 = −((y + w + p− 1)x+ α3)x, z3 = z − x,
w3 = w. q3 = q − x, p3 = p,
4)x4 = x, y4 = y, z4 = z, w4 = w, q4 =
1
q
, p4 = −(qp+ α4)q.
Then such a system coincides with the system (50).
Theorem 10.2. The system (50) is invariant under the following transformations: with
the notation (∗) = (x, y, z, w, q, p, t, s, u;α0, α1, . . . , α4),
s0 : (∗)→
(
x+
α0
y
, y, z, w, q, p, t, s, u;−α0, α1 + α0, α2, α3, α4
)
,
s2 : (∗)→
(
x, y, z +
α2
w
,w, q, p, t, s, u;α0, α1 + α2,−α2, α3, α4
)
,
s3 : (∗)→ (x+ α3
y + w + p− 1 , y, z +
α3
y + w + p− 1 , w, q +
α3
y + w + p− 1 , p,
t, s, u;α0, α1 + α3, α2,−α3, α4),
s4 : (∗)→
(
x, y, z, w, q +
α4
p
, p, t, s, u;α0, α1 + α4, α2, α3,−α4
)
,
pi1 : (∗)→ (z, w, q, p, x, y, s, u, t;α2, α1, α4, α3, α0),
pi2 : (∗)→ ( t
x
,−(xy + α0)x
t
,
s
z
,−(zw + α2)z
s
,
u
q
,−(qp+ α4)q
u
,
t, s, u;α0, α1 + α3 − 1
2
, α2, 1− α3, α4).
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11. Other generalization of the third Painleve´ system
In this section, we find a generalization of the third Painleve´ system to two variables
t, s, which is different from the system (45). This system is equivalent to the Hamiltonian
system
dx =
∂H1
∂y
dt+
∂H2
∂y
ds, dy = −∂H1
∂x
dt− ∂H2
∂x
ds,
dz =
∂H1
∂w
dt+
∂H2
∂w
ds, dw = −∂H1
∂z
dt− ∂H2
∂z
ds
(52)
with the polynomial Hamiltonians Hi ∈ C(t, s)[x, y, z, w] (i = 1, 2)
H1 =
−x3y2 + sx2y2 − (2α1 + α2)x2y + {(2α1 + α2)s+ η1t}xy
ts
− α1(α1 + α2)x+ η1tsy
ts
+
z3w2 − tz2w2 + (2α1 + α2)z2w + (α3t− η0s)zw
t2
+
α1(α1 + α2)z + η0tsw
t2
− η0s− α3t
t2
xy +
η1
s
zw − xz{2(tx− sz)yw − sxy
2 + tzw2 − (2α1 + α2)(sy − tw)}
t2s
,
H2 = pi(H1) (2α1 + α2 + α3 + α4 = 1),
(53)
where the transformation pi is explicitly given by
(54) pi : (x, y, z, w, t, s; η0, η1, α1, α2, α3, α4)→ (z, w, x, y, s, t; η1, η0, α1, α2, α4, α3).
Theorem 11.1. Let us consider a polynomial Hamiltonian system with Hamiltonian
Hi ∈ C(t, s)[x, y, z, w] (i = 1, 2). We assume that
(A1) deg(Hi) = 5 with respect to x, y, z, w.
(A2) This system becomes again a polynomial Hamiltonian system in each coordinate
system {Uj, (xj , yj, zj, wj)} (j = 1, 2, 3, 4):
Uj = C
4 ∋ (xj , yj, zj, wj) (j = 1, 2, 3, 4),
via the following birational and symplectic transformations
1)x1 =
1
x
, y1 = −(xy + zw + α1)x, z1 = z
x
, w1 = xw,
2)x2 =
1
x
, y2 = −(xy + zw + α1 + α2)x, z2 = z
x
, w2 = xw,
3)x3 = x, y3 = y − η0
z
, z3 = z, w3 = w − α3
z
+
η0(x− s)
z2
,
4)x4 = x, y4 = y − α4
x
+
η1(z − t)
x2
, z4 = z, w4 = w − η1
x
.
Then such a system coincides with the system (52).
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Theorem 11.2. The system (52) is invariant under the following transformations: with
the notation (∗) = (x, y, z, w, t, s; η0, η1, α1, α2, α3, α4),
s2 : (∗)→ (x, y, z, w, t, s; η0, η1, α1 + α2,−α2, α3, α4),
s3 : (∗)→
(
x, y − η0
z
, z, w − α3
z
+
η0(x− s)
z2
, t, s;−η0, η1, α1 + α3, α2,−α3, α4
)
,
s4 : (∗)→
(
x, y − α4
x
+
η1(z − t)
x2
, z, w − η1
x
, t, s; η0,−η1, α1 + α4, α2, α3,−α4
)
.
12. Degeneration from the system (36)
As the fourth-order analogue of the above confluence process from PIV to PII (see [7]),
we consider the following coupling confluence process from the system (36). We take the
following coupling confluence process PIV → PII for each coordinate system (x, y) and
(z, w) of the system (36).
Theorem 12.1. For the system (36), we make the change of parameters and variables
α1 =
1
4ε6
, α2 = A1, α3 = A3, α4 = A2 − 1
4ε6
,(55)
t = −1 − ε
4T√
2ε3
, s = −1− ε
4S√
2ε3
, x =
1 + 2ε2X√
2ε3
,
z =
1 + 2ε2Z√
2ε3
, y =
εY√
2
, w =
εW√
2
(56)
from α1, α2, . . . , α4, t, s, x, y, z, w to A1, A2, A3, ε, T, S,X, Y, Z,W . Then this system can
also be written in the new variables T, S,X, Y, Z,W and parameters A1, A2, A3, ε as a
Hamiltonian system. This new system tends to the polynomial Hamiltonian system
dx =
∂H1
∂y
dt+
∂H2
∂y
ds, dy = −∂H1
∂x
dt− ∂H2
∂x
ds,
dz =
∂H1
∂w
dt+
∂H2
∂w
ds, dw = −∂H1
∂z
dt− ∂H2
∂z
ds
(57)
with the symmetric Hamiltonians Hi ∈ C(t, s)[x, y, z, w] (i = 1, 2)
H1 = HII(x, y, t;α3) +
α1
t− sxy −
α1
t− syz −
α3
t− sxw +
α3
t− szw −
{2(x− z)2 − (t− s)}yw
2(t− s) ,
H2 = pi(H1) (α1 + α2 + α3 = 1)
(58)
as ε→ 0.
Here, for notational convenience, we have renamed X, Y, Z,W, T, S, A1, A2 to x, y, z, w,
t, s, α1, α2 (which are not the same as the previous x, y, z, w, t, s, α1, α2). The transforma-
tion pi is explicitly given by
(59) pi : (x, y, z, w, t, s;α1, α2, α3)→ (z, w, x, y, s, t;α3, α2, α1),
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and the symbol HII(x, y, t;α0, α1) denotes the second Painleve´ Hamiltonian given by
(60) HII(x, y, t;α1) =
1
2
y2 −
(
x2 +
t
2
)
y − α1x.
Theorem 12.2. Let us consider a polynomial Hamiltonian system with Hamiltonian
Hi ∈ C(t, s)[x, y, z, w] (i = 1, 2). We assume that
(A1) deg(Hi) = 5 with respect to x, y, z, w.
(A2) This system becomes again a polynomial Hamiltonian system in each coordinate
system {Uj, (xj , yj, zj, wj)} (j = 1, 2, 3):
Uj = C
4 ∋ (xj , yj, zj , wj) (j = 1, 2, 3),
via the following birational and symplectic transformations
1)x1 =
1
x
, y1 = −(yx+ α3)x, z1 = z, w1 = w,
2)x2 =
1
x
, y2 = −{(y + w − 2x2 − t)x− 2
(
(z − x)x− t− s
4
)(w
x
)
+ α2}x,
z2 =
(
(z − x)x− t− s
2
)
x, w2 =
w
x2
,
3)x3 = x, y3 = y, z3 =
1
z
, w3 = −(zw + α1)z.
Then such a system coincides with the system (57).
Theorem 12.3. The system (57) is invariant under the following transformations: with
the notation (∗) = (x, y, z, w, t, s;α1, α2, α3, α4),
s1 : (∗)→
(
x+
α3
y
, y, z, w, t, s;α1, α2 + α3,−α3
)
,
s3 : (∗)→
(
x, y, z +
α1
w
,w, t, s;−α1, α2 + α1, α3
)
,
pi1 : (∗)→ (z, w, x, y, s, t;α3, α2, α1).
For the system (57), we make the change of variables
(61) t = T, s = T + S
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from t, s, x, y, z, w to T, S, x, y, z, w. Then this system can also be written in the new
variables T, S, x, y, z, w as the Hamiltonian system
dx =
(
−x2 + y + w − T
2
)
dT +
(
−(x− z)(xw − zw − α1)
S
+
w
2
)
dS,
dy =(2xy + α3)dT +
(
2xyw − 2yzw − α1y + α3w
S
)
dS,
dz =
(
−z2 + w + y − S
2
− T
2
)
dT
+
(
−z2 + w − S
2
− T
2
+
y
2
− (X − Z)(XY − Y Z + α3)
S
)
dS,
dw =(2zw + α1)dT +
(
2zw + α1 − 2xyw − 2yzw − α1y + α3w
S
)
dS
(62)
with the polynomial Hamiltonians
H1 = −x2y + y
2
2
− Ty
2
− α3x− z2w + w
2
2
− Sw
2
− α1z − Tw
2
+ yw,(63)
H2 = −(x− z)(xw − zw − α1)y
S
+
yw
2
− Tw
2
− α3xw
S
+
α3zw
S
− z2w + w
2
2
− Sw
2
− α1z.
(64)
13. Autonomous version of the system (57)
In this section, we present an autonomous version of the system (57) given by
(65)


dq1 =
∂K1
∂p1
dt+
∂K2
∂p1
ds,
dp1 =− ∂K1
∂q1
dt− ∂K2
∂q1
ds,
dq2 =
∂K1
∂p2
dt+
∂K2
∂p2
ds,
dp2 =− ∂K1
∂q2
dt− ∂K2
∂q2
ds
with the polynomial Hamiltonians
K1 =− q21p1 +
p21
2
− α2q1 − q22p2 +
p22
2
− α0q2 + p1p2,
K2 =q
2
1p1p2 + q
2
2p1p2 − 2q1p1q2p2 − α0q1p1 − α2q2p2 + α0p1q2 + α2q1p2.
(66)
Proposition 13.1. The system (65) satisfies the compatibility conditions:
(67)
∂
∂s
∂q1
∂t
=
∂
∂t
∂q1
∂s
,
∂
∂s
∂p1
∂t
=
∂
∂t
∂p1
∂s
,
∂
∂s
∂q2
∂t
=
∂
∂t
∂q2
∂s
,
∂
∂s
∂p2
∂t
=
∂
∂t
∂p2
∂s
.
Proposition 13.2. The system (65) has K1 and K2 as its first integrals.
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Proposition 13.3. Two Hamiltonians K1 and K2 satisfy
(68) {K1, K2} = 0,
where
(69) {K1, K2} = ∂K1
∂p1
∂K2
∂q1
− ∂K1
∂q1
∂K2
∂p1
+
∂K1
∂p2
∂K2
∂q2
− ∂K1
∂q2
∂K2
∂p2
.
Here, {, } denotes the poisson bracket such that {pi, qj} = δij (δij :kronecker’s delta).
Theorem 13.4. The system (65) admits the extended affine Weyl group symmetry
of type D
(2)
3 as the group of its Ba¨cklund transformations, whose generators s0, s1, s2, pi
defined as follows: with the notation (∗) := (q1, p1, q2, p2, t, s;α0, α1, α2):
s0 : (∗)→
(
q1, p1, q2 +
α0
p2
, p2, t, s;−α0, α1 + 2α0, α2
)
,
s1 : (∗)→
(
q1, p1 − α1
q1 − q2 , q2, p2 +
α1
q1 − q2 , t, s;α0 + α1,−α1, α2 + α1
)
,
s2 : (∗)→
(
q1 +
α2
p1
, p1, q2, p2, t, s;α0, α1 + 2α2,−α2
)
,
pi : (∗)→(q2, p2, q1, p1, t, s;α2, α1, α0),
where the parameters αi satisfy the relation α0 + α1 + α2 = 0.
Theorem 13.5. Let us consider a polynomial Hamiltonian system with Hamiltonian
K ∈ C[q1, p1, q2, p2]. We assume that
(C1) deg(K) = 4 with respect to q1, p1, q2, p2.
(C2) This system becomes again a polynomial Hamiltonian system in each coordinate
Ri (i = 0, 1, 2):
R0 : (x0, y0, z0, w0) =
(
q1, p1,
1
q2
,−(q2p2 + α0)q2
)
,
R1 : (x1, y1, z1, w1) =
(
1
q1
,−((p1 + p2 − 2q21)q1 − 2(q2 − q1)p2 + α1)q1, (q2 − q1)q21,
p2
q21
)
,
R2 : (x2, y2, z2, w2) =
(
1
q1
,−(q1p1 + α2)q1, q2, p2
)
,
where the parameters αi satisfy the relation α0+α1+α2 = 0. Then such a system coincides
with the Hamiltonian system (65) with the polynomial Hamiltonians K1, K2.
We note that the conditions (C2) should be read that
Ri (i = 0, 1, 2)
are polynomials with respect to xi, yi, zi, wi.
Next, let us consider the relation between the polynomial Hamiltonian system (65) and
soliton equations. In this paper, we can make the birational transformations between the
polynomial Hamiltonian system (65) and soliton equations.
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Theorem 13.6. The birational transformations
(70)


x =q1,
y =p1 + p2 − q21 ,
z =2q31 − 2q1p2 + 2q2p2 + α0 + α2,
w =− 6q41 + 8q21p2 + 6q21p1 + 2q22p2 − 4q1q2p2 − 2α0(q1 − q2),
S =
1
2
s
take the Hamiltonian system (65) to the system
(71)


dx =ydt+ (w − 6x2y)dS,
dy =zdt + (−2x(w − 6x2y))dS,
dz =wdt+ (2(2x2 − y)(w − 6x2y))dS,
dw =(12x3y + 12xy2 + 6x2z − 2xw)dt+ (−2(4x3 − 6xy + z)(w − 6x2y))dS.
Setting u := x, we see that
(72)
∂u
∂t
= y,
∂2u
∂t2
= z,
∂3u
∂t3
= w,
and
(73)


∂4u
∂t4
=12u3
∂u
∂t
+ 12u
(
∂u
∂t
)2
+ 6u2
∂2u
∂t2
− 2u∂
3u
∂t3
,
∂u
∂S
=
∂3u
∂t3
− 6u2∂u
∂t
,
where the second equation just coincides with the mKdV equation.
Integrating for the first equation of (73), we obtain
(74)


∂3u
∂t3
=3u4 + 6u2
∂u
∂t
+
(
∂u
∂t
)2
− 2u∂
2u
∂t2
,
∂3u
∂t3
=
∂u
∂S
+ 6u2
∂u
∂t
,
where the first equation in (74) coincides with Chazy XI(N = 3) equation (see [11]).
Adding each system in (74), we can obtain
(75)
∂3u
∂t3
=
3
2
u4 + 6u2
∂u
∂t
+
1
2
(
∂u
∂t
)2
− u∂
2u
∂t2
+
1
2
∂u
∂S
.
Question 13.7. It is still an open question whether the equation (75) coincides with
which of the soliton equations.
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14. A generalization of the system (57) to three variables
In this section, we present a generalization of the system (57) to three variables, which
is equivalent to the polynomial Hamiltonian system
dx =
∂H1
∂y
dt+
∂H2
∂y
ds+
∂H3
∂y
du, dy = −∂H1
∂x
dt− ∂H2
∂x
ds− ∂H3
∂x
du,
dz =
∂H1
∂w
dt+
∂H2
∂w
ds+
∂H3
∂w
du, dw = −∂H1
∂z
dt− ∂H2
∂z
ds− ∂H3
∂z
du,
dq =
∂H1
∂p
dt+
∂H2
∂p
ds+
∂H3
∂p
du, dp = −∂H1
∂q
dt− ∂H2
∂q
ds− ∂H3
∂q
du
(76)
with the symmetric Hamiltonians Hi ∈ C(t, s, u)[x, y, z, w, q, p] (i = 1, 2, 3)
H1 = HII(x, y, t;α3) +R(x, y, z, w, t, s;α3, α1) +R(x, y, q, p, t, u;α3, α4)
H2 = pi(H1), H3 = (pi ◦ pi)(H1) (α1 + α2 + α3 + α4 = 1),
(77)
where the transformation pi is explicitly given by
(78) pi : (∗)→ (z, w, q, p, x, y, s, u, t;α3, α2, α4, α1).
Here the symbol (∗) denotes (∗) := (x, y, z, w, q, p, t, s, u;α1, α2, α3, α4), and the symbol
R(ql, pl, qm, pm, tl, tm;α, β) is explicitly given by
R(ql, pl, qm, pm, tl, tm;α, β)
=
β
tl − tm qlpl −
β
tl − tmplqm −
α
tl − tm qlpm +
α
tl − tm qmpm −
{2(ql − qm)2 − tl + tm}plpm
2(tl − tm) .
Theorem 14.1. Let us consider a polynomial Hamiltonian system with Hamiltonian
Hi ∈ C(t, s, u)[x, y, z, w, q, p] (i = 1, 2, 3). We assume that
(A1) deg(Hi) = 5 with respect to x, y, z, w, q, p.
(A2) This system becomes again a polynomial Hamiltonian system in each coordinate
system {Uj, (xj , yj, zj, wj, qj , pj)} (j = 1, . . . , 4):
Uj = C
6 ∋ (xj , yj, zj, wj, qj , pj) (j = 1, . . . , 4),
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via the following birational and symplectic transformations
1)x1 =
1
x
, y1 = −(yx+ α3)x, z1 = z, w1 = w, q1 = q, p1 = p,
2)x2 =
1
x
, y2 = −{(y + w + p− 2x2 − t)x− 2
(
(z − x)x− t− s
4
)(w
x
)
− 2
(
(q − x)x− t− u
4
)(p
x
)
+ α2}x,
z2 =
(
(z − x)x− t− s
2
)
x, w2 =
w
x2
, q2 =
(
(q − x)x− t− u
2
)
x, p2 =
p
x2
,
3)x3 = x, y3 = y, z3 =
1
z
, w3 = −(zw + α1)z, q3 = q, p3 = p,
4)x4 = x, y4 = y, z4 = z, w4 = w, q4 =
1
q
, p4 = −(qp+ α4)q.
Then such a system coincides with the system (76).
Theorem 14.2. The system (76) is invariant under the following transformations: with
the notation (∗) = (x, y, z, w, q, p, t, s, u;α0, α1, . . . , α4),
s1 : (∗)→
(
x+
α3
y
, y, z, w, q, p, t, s, u;α1, α2 + α3,−α3, α4
)
,
s3 : (∗)→
(
x, y, z +
α1
w
,w, q, p, t, s, u;−α1, α2 + α1, α3, α4
)
,
s4 : (∗)→
(
x, y, z, w, q +
α4
p
, p, t, s, u;α1, α2 + α4, α3,−α4
)
,
pi1 : (∗)→ (z, w, q, p, x, y, s, u, t;α3, α2, α4, α1).
15. Autonomous version of the degenerate Garnier system of type
G(2,3) in two variables
In this section, we find an autonomous version of the degenerate Garnier system of type
G(2,3) in two variables given by
(79)


dq1 =
∂K1
∂p1
dt+
∂K2
∂p1
ds,
dp1 =− ∂K1
∂q1
dt− ∂K2
∂q1
ds,
dq2 =
∂K1
∂p2
dt+
∂K2
∂p2
ds,
dp2 =− ∂K1
∂q2
dt− ∂K2
∂q2
ds
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with the polynomial Hamiltonians
K1 =− 2ηp1 + 2q22p22 + q22p2 + 2(α0 + α2)q2p2 + α0q2 − 2ηq1p2 + q1p1q2 − 2p21q2,
K2 =q
2
1p1 − 2q1p21 + α0q1 − 2(α0 + α2)p1 − 2ηp2 − p1q2 + q1q2p2 − 4p1q2p2.
(80)
Proposition 15.1. The system (79) satisfies the compatibility conditions:
(81)
∂
∂s
∂q1
∂t
=
∂
∂t
∂q1
∂s
,
∂
∂s
∂p1
∂t
=
∂
∂t
∂p1
∂s
,
∂
∂s
∂q2
∂t
=
∂
∂t
∂q2
∂s
,
∂
∂s
∂p2
∂t
=
∂
∂t
∂p2
∂s
.
Proposition 15.2. The system (79) has K1 and K2 as its first integrals.
Proposition 15.3. Two Hamiltonians K1 and K2 satisfy
(82) {K1, K2} = 0,
where
(83) {K1, K2} = ∂K1
∂p1
∂K2
∂q1
− ∂K1
∂q1
∂K2
∂p1
+
∂K1
∂p2
∂K2
∂q2
− ∂K1
∂q2
∂K2
∂p2
.
Here, {, } denotes the poisson bracket such that {pi, qj} = δij (δij :kronecker’s delta).
Theorem 15.4. The system (79) is invariant under the birational transformations
s0, s1, s2, s3 and s4 with the notation (∗) := (q1, p1, q2, p2, η, t, s;α0, α1, α2);
s0 : (∗)→
(
q1, p1 +
η
q2
, q2, p2 − α1
q2
− ηq1
q22
,−η, t, s;α0 + α1,−α1, α2 + α1
)
,
s1 : (∗)→
(
−q1, p1 − 1
2
q1, q2,−p2 − 1
2
, η,−t, s;−α2,−α1,−α0
)
,
s2 : (∗)→
(
−√−1q1,−1
2
√−1(q1 − 2p1),−q2,−p2 − 1
2
,−√−1η, t,−√−1s;α2, α1, α0
)
,
s3 : (∗)→ (−q1,−p1, q2, p2,−η, t,−s;α0, α1, α2) ,
s4 : (∗)→
(√−1q1,√−1p1,−q2, p2,−√−1η,−t,−√−1s;−α0,−α1,−α2) .
Here, the parameters αi satisfy the relation α0 + α1 + α2 = 0.
Corollary 15.5. The transformations described in Theorem 15.4 satisfy the following
relations:
s20 = s
2
1 = s
2
3 = 1, s
4
2 = s
4
4 = 1.
Theorem 15.6. Let us consider a polynomial Hamiltonian system with Hamiltonian
K ∈ C[q1, p1, q2, p2]. We assume that
(C1) deg(K) = 6 with respect to q1, p1, q2, p2.
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(C2) This system becomes again a polynomial Hamiltonian system in each coordinate
Ri (i = 0, 1, 2):
R0 : (x0, y0, z0, w0) =
(
1
q1
,−(q1p1 + q2p2 + α0)q1, q2
q1
, p2q1
)
,
R1 : (x1, y1, z1, w1) =
(
q1, p1 +
η
q2
, q2, p2 − α1
q2
− ηq1
q22
)
,
R2 : (x2, y2, z2, w2) =
(
−
(
(q1 − 2p1)p1 − q2
(
p2 +
1
2
)
− α2
)
p1,
1
p1
,
q2
p1
,
(
p2 +
1
2
)
p1
)
,
where the parameters αi satisfy the relation α0+α1+α2 = 0. Then such a system coincides
with the Hamiltonian system (79) with the polynomial Hamiltonians K1, K2.
We remark that under the above assumptions (C1) and (C2) we can obtain three
polynomial Hamiltonians K1, K2 and K3. We easily see that
K3 = K
2
2 − 2(α1 + α2)K1.
We note that the conditions (C2) should be read that
Ri(K) (i = 0, 1, 2)
are polynomials with respect to xi, yi, zi, wi.
These holomorphy conditions R0, R1 and R2 are new.
16. Autonomous version of the degenerate Garnier system of type
G(1,4) in two variables
In this section, we find an autonomous version of the degenerate Garnier system of type
G(1,4) in two variables given by
(84)


dq1 =
∂K1
∂p1
dt+
∂K2
∂p1
ds,
dp1 =− ∂K1
∂q1
dt− ∂K2
∂q1
ds,
dq2 =
∂K1
∂p2
dt+
∂K2
∂p2
ds,
dp2 =− ∂K1
∂q2
dt− ∂K2
∂q2
ds
with the polynomial Hamiltonians
K1 =− q21p1 + p21 − α0q1 − gp1 − q2p22 + α1p2 + p1q2 − q1q2p2,
K2 =− α1p1 + q22p2 − gq2p2 + α0q2 − α1q1p2 + q1p1q2 + 2p1q2p2 + q1q2p22 (g ∈ C).
(85)
Proposition 16.1. The system (84) satisfies the compatibility conditions:
(86)
∂
∂s
∂q1
∂t
=
∂
∂t
∂q1
∂s
,
∂
∂s
∂p1
∂t
=
∂
∂t
∂p1
∂s
,
∂
∂s
∂q2
∂t
=
∂
∂t
∂q2
∂s
,
∂
∂s
∂p2
∂t
=
∂
∂t
∂p2
∂s
.
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Proposition 16.2. The system (84) has K1 and K2 as its first integrals.
Proposition 16.3. Two Hamiltonians K1 and K2 satisfy
(87) {K1, K2} = 0,
where
(88) {K1, K2} = ∂K1
∂p1
∂K2
∂q1
− ∂K1
∂q1
∂K2
∂p1
+
∂K1
∂p2
∂K2
∂q2
− ∂K1
∂q2
∂K2
∂p2
.
Here, {, } denotes the poisson bracket such that {pi, qj} = δij (δij :kronecker’s delta).
Theorem 16.4. The system (84) is invariant under the birational and symplectic trans-
formations s0, s1, s2, pi : with the notation (∗) := (q1, p1, q2, p2, t, s;α0, α1, α2);
s0 : (∗)→
(
q1 +
q2p2 + α0
p1
, p1,−p2(q2p2 − α1)
p1
,
p1
p2
, t,−s;−α0 − α1, α1, α0
)
,
s1 : (∗)→
(
q1, p1, q2, p2 − α1
q2
, t, s;α0 + α1,−α1, α2
)
,
s2 : (∗)→(q1 + (q1 + p2)q2 + α2
p1 + q2 − q21 − g
,
p1 + q2 − q21 −
(q1 + p2){(q1 + p2)q2 − α1}
p1 + q2 − q21 − g
+
(
q1 +
(q1 + p2)q2 + α2
p1 + q2 − q21 − g
)2
,
(q1 + p2){(q1 + p2)q2 − α1}
p1 + q2 − q21 − g
,−q1 − p1 + q2 − q
2
1 − g
q1 + p2
− (q1 + p2)q2 + α2
p1 + q2 − q21 − g
, t,−s;
α2, α1,−α2 − α1),
pi : (∗)→(−q1,−(p1 + q2 − q21 − g), q2, p2 + q1, t,−s;α2, α1, α0).
Here, the parameters αi satisfy the relation α0 + α1 + α2 = 0.
Corollary 16.5. The transformations described in Theorem 16.4 satisfy the following
relations:
s20 = s
2
1 = s
2
2 = pi
2 = (s1s0)
2 = 1, s0pi = pis2.
Proposition 16.6. The transformation s0 can be obtained by composing the following
transformations:
Step 1: We transform the system (16.4) by the birational and symplectic transformation:
g1 : (x1, y1, z1, w1) =
(
q1, p1,−(q2p2 − α1)p2, 1
p2
)
.
Step 2: We then transform the system obtained by Step 1 by the birational and sym-
plectic transformation:
g2 : (x2, y2, z2, w2) =
(
x1 − z1w1 − α0 − α1
y1
, y1,
z1
y1
, w1y1
)
.
Thus, we can obtain the Ba¨cklund transformation s0 of the system (16.4).
SYMMETRIC HAMILTONIAN OF THE GARNIER SYSTEM 35
Theorem 16.7. Let us consider a polynomial Hamiltonian system with Hamiltonian
K ∈ C[q1, p1, q2, p2]. We assume that
(C1) deg(K) = 5 with respect to q1, p1, q2, p2.
(C2) This system becomes again a polynomial Hamiltonian system in each coordinate
Ri (i = 0, 1, 2):
R0 : (x0, y0, z0, w0) =
(
1
q1
,−(q1p1 + q2p2 + α0)q1, q2
q1
, p2q1
)
,
R1 : (x1, y1, z1, w1) =
(
q1, p1,−(q2p2 − α1)p2, 1
p2
)
,
R2 : (x2, y2, z2, w2) =
(
1
q1
,−(q1(p1 + q2 − q21 − g) + q2(q1 + p2) + α2)q1,
q2
q1
, (p2 + q1)q1
)
,
where the parameters αi satisfy the relation α0+α1+α2 = 0. Then such a system coincides
with the Hamiltonian system (84) with the polynomial Hamiltonians K1, K2.
We note that the conditions (C2) should be read that
R0(K), R1(K), R2(K)
are polynomials with respect to xi, yi, zi, wi.
Theorem 16.8. The birational transformations
(89)

x =q1,
y =q2 + 2p1 − q21 − g,
z =2gq1 + 2q
3
1 − 3q1q2 + 2α0 + α1,
w =− 2g2 − 8gq21 − 6q41 + 4gp1 + 12q21p1 + 5gq2 + 6q1q2p2 + 12q21q2 − 6p1q2 − 3q22 − 3α1q1
take the Hamiltonian system (84) to the system
(90)

dx =ydt+
(
−4
3
xy +
w
3x
− y(z − 2α0 − α1)
3x2
)
ds,
dy =zdt + f1(x, y, z, w)ds,
dz =wdt+ f2(x, y, z, w)ds,
dw =
1
3
g(2α0 + α1)− 2
3
g2x− 1
3
gz − 28
3
α0x
2 +
13
3
α1x
2 − 34
3
gx3 − 32
3
x5 + 9xy2 +
26
3
x2z
+
(2α0 + α1)
2
3x
− 5(2α0 + α1)z
3x
+
yw
x
+
4z2
3x
+
gy2
x
+
3(2α0 + α1)y
2
2x2
− 3y
2z
2x2
− (w − 6gx
2 − 6x4 − 2gy − 6x2y + 3xz − 6α0x)
2(2gx+ 2x3 − z + 2α0 + α1) ×
(w + 6gx2 + 6x4 − 2gy − 6x2y − 3xz + 6α0x)dt + f3(x, y, z, w)ds,
where fi(x, y, z, w) ∈ C[x, y, z, w] (i = 1, 2, 3).
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Setting u := x, we see that
(91)
∂u
∂t
= y,
∂2u
∂t2
= z,
∂3u
∂t3
= w,
and
(92)

∂4u
∂t4
=
1
3
g(2α0 + α1)− 2
3
g2u− 1
3
g
∂2u
∂t2
− 28
3
α0u
2 +
13
3
α1u
2 − 34
3
gu3 − 32
3
u5 + 9u
(
∂u
∂t
)2
+
26
3
u2
∂2u
∂t2
+
(2α0 + α1)
2
3u
− 5(2α0 + α1)
3u
∂2u
∂t2
+
1
u
∂u
∂t
∂3u
∂t3
+
4
3u
(
∂2u
∂t2
)2
+
g
u
(
∂u
∂t
)2
+
3(2α0 + α1)
2u2
(
∂u
∂t
)2
− 3
2u2
(
∂u
∂t
)2
∂2u
∂t2
− (
∂3u
∂t3
− 6gu2 − 6u4 − 2g ∂u
∂t
− 6u2 ∂u
∂t
+ 3u∂
2u
∂t2
− 6α0u)
2(2gu+ 2u3 − ∂2u
∂t2
+ 2α0 + α1)
×
(
∂3u
∂t3
+ 6gu2 + 6u4 − 2g∂u
∂t
− 6u2∂u
∂t
− 3u∂
2u
∂t2
+ 6α0u
)
,
∂u
∂s
=− 4
3
u
∂u
∂t
+
1
3u
∂3u
∂t3
− 1
3u2
∂u
∂t
(
∂2u
∂t2
− 2α0 − α1
)
.
The first equation in (92) is the fourth-order ordinary differential equation of rational
type. This equation is new. We see that the second equation in (92) can be considered as
homogeneous polynomial of degree 4 when we set [α0] = [α1] = 3, [u] = 1, [
∂u
∂t
] = 2, [∂
2u
∂t2
] =
3, [∂
3u
∂t3
] = 4 and [∂u
∂s
] = 3.
For the second equation in (92), we see that this system admits travelling wave solutions
u(t, s) = U(t− cs), where U(T ) satisfies the equation
(93)
d2U
dT 2
= 2U3 − 3cU2 + 2α0 + α1.
This equation is an autonomous version of the second Painleve´ equation (see [12]).
Question 16.9. It is still an open question whether the second equation in (92) coin-
cides with which of the soliton equations.
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17. Autonomous version of the degenerate Garnier system of type G(5)
in two variables
In this section, we find an autonomous version of the degenerate Garnier system of type
G(5) in two variables given by
(94)


dq1 =
∂K1
∂p1
dt+
∂K2
∂p1
ds,
dp1 =− ∂K1
∂q1
dt− ∂K2
∂q1
ds,
dq2 =
∂K1
∂p2
dt+
∂K2
∂p2
ds,
dp2 =− ∂K1
∂q2
dt− ∂K2
∂q2
ds
with the polynomial Hamiltonians
K1 =q
2
2p2 + α0q2 − q1p2 + p1p2 + q1p1q2 +
1
2
p21q2,
K2 =q
2
1p1 −
1
2
q1p
2
1 + α0q1 +
1
2
p22 + q1q2p2 + p1q2p2 +
1
2
p21q
2
2 .
(95)
Proposition 17.1. The system (94) satisfies the compatibility conditions:
(96)
∂
∂s
∂q1
∂t
=
∂
∂t
∂q1
∂s
,
∂
∂s
∂p1
∂t
=
∂
∂t
∂p1
∂s
,
∂
∂s
∂q2
∂t
=
∂
∂t
∂q2
∂s
,
∂
∂s
∂p2
∂t
=
∂
∂t
∂p2
∂s
.
Proposition 17.2. The system (94) has K1 and K2 as its first integrals.
Proposition 17.3. Two Hamiltonians K1 and K2 satisfy
(97) {K1, K2} = 0,
where
(98) {K1, K2} = ∂K1
∂p1
∂K2
∂q1
− ∂K1
∂q1
∂K2
∂p1
+
∂K1
∂p2
∂K2
∂q2
− ∂K1
∂q2
∂K2
∂p2
.
Here, {, } denotes the poisson bracket such that {pi, qj} = δij (δij :kronecker’s delta).
Theorem 17.4. The system (94) is invariant under the birational transformations
s0, s1 with the notation (∗) := (q1, p1, q2, p2, t, s;α0, α1);
s0 : (∗)→(q1,−(p1 − 2q1 + 2q22),−q2, p2 + 4q1q2 − 2q32, t,−s;α0, α1),
s1 : (∗)→
(
√−1q1, p1 − 2q1 + 2q
2
2√−1 , (−1)
1
4 q2,
p2 + 4q1q2 − 2q32
(−1) 14 , (−1)
3
4 t,
√−1s;−α0,−α1
)
.
Here, the parameters αi satisfy the relation α0 + α1 = 0.
Corollary 17.5. The transformations described in Theorem 17.4 satisfy the following
relations:
s20 = 1, s
8
1 = 1.
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Theorem 17.6. Let us consider a polynomial Hamiltonian system with Hamiltonian
K ∈ C[q1, p1, q2, p2]. We assume that
(C1) deg(K) = 6 with respect to q1, p1, q2, p2.
(C2) This system becomes again a polynomial Hamiltonian system in each coordinate
Ri (i = 0, 1):
R0 : (x0, y0, z0, w0) =
(
q1
q2
, p1q2,
1
q2
,−(q2p2 + q1p1 + α0)q2
)
,
R1 : (x1, y1, z1, w1)
=
(
q1
q2
, (p1 − 2q1 + 2q22)q2,
1
q2
,−((p2 + 4q1q2 − 2q32)q2 + q1(p1 − 2q1 + 2q22) + α1)q2
)
,
where the parameters αi satisfy the relation α0 + α1 = 0. Then such a system coincides
with the Hamiltonian system (94) with the polynomial Hamiltonians K1, K2.
We remark that under the above assumptions (C1) and (C2) we can obtain three
polynomial Hamiltonians K1, K2 and K3. We easily see that
K3 = K
2
1 − 2α0K2.
We note that the conditions (C2) should be read that
R0(K), R1(K)
are polynomials with respect to xi, yi, zi, wi.
These holomorphy conditions R0 and R1 are new.
Theorem 17.7. The birational transformations
(99)


x =− (3q1 − 2q22)q2,
y =− q1 + p1 + q22,
z =q2,
w =− 3(−q21 + q1p1 + q2p2 + 4q1q22 − p1q22 − 2q42)
take the Hamiltonian system (94) to the system
(100)

dz =ydt+
(
4
3
yz − w
3z
+
1
3z2
xy
)
ds,
dy =xdt + f1(x, y, z, w)ds,
dx =wdt+ f2(x, y, z, w)ds,
dw =
(
−2xy
2
z2
+
3x2
2z
+
2yw
z
+
5
2
y2z + 5xz2 − 5
2
z5 + 3α0z
)
dt+ f3(x, y, z, w)ds,
where fi(x, y, z, w) ∈ C[x, y, z, w] (i = 1, 2, 3).
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Setting u := z, we see that
(101)
∂u
∂t
= y,
∂2u
∂t2
= x,
∂3u
∂t3
= w,
and
(102)


∂4u
∂t4
=− 2
u2
(
∂u
∂t
)2
∂2u
∂t2
+
3
2u
(
∂2u
∂t2
)2
+
2
u
∂u
∂t
∂3u
∂t3
+
5
2
(
∂u
∂t
)2
u+ 5
∂2u
∂t2
u2
− 5
2
u5 + 3α0u,
∂u
∂s
=
4
3
u
∂u
∂t
− 1
3u
∂3u
∂t3
+
1
3u2
∂u
∂t
∂2u
∂t2
.
The first equation in (102) is the fourth-order ordinary differential equation of rational
type. This equation is new (see [11]).
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